1. Introduction. The author has shown f that F. Riesz' treatment of intégration} leads in every case to the Lebesgue integral. This demonstration makes possible a complete development of the theory of Lebesgue integration from the Riesz point of view. § Such a development offers a number of advantages over the usual treatment and is especially desirable when one wishes to build a Lebesgue theory on a previous treatment of the Riemann integral. The purpose of the present paper is to emphasize further the importance of the Riesz point of view in a treatment of the general subject of integration by establishing additional relations between sequences of simple functions and functions that are summable in the senses of Lebesgue, Harnack, Denjoy, Denjoy-Khintchine-Young, and Young. The terminology and notation of Riesz' paper|| are used.
Preliminary Definitions and Theorems.
In this section we give a number of definitions and theorems which are well known but which are essential for the development of later theorems.
Simple function.^ A function <f>{x) is said to be a simple function on X: a^xSb, if there exist n + 1 points: Xo = a<Xi<x 2 < -• -<x n = b, such that </>(#) =<^, a constant,onIi'.Xi<x<#»+i.
Null set. A set of points K is said to be of measure zero if for each e>0, there exists an at most countably infinite set of intervals such that each point of K is an interior point of some one of these intervals and the sum of the lengths of the intervals is less than e. Such a set of points is called a null set, and a property which holds everywhere on an interval X with the exception of points of a null set is said to hold almost everywhere on X, or is said to hold on X 0 .
Integral 
. If E is of positive measure, we can determine a number j such that the subset D of E on which |/0*0 | Sj is of positive measure c (otherwise E would consist of an at most countably infinite set of null sets and would therefore be of measure zero). Let j be chosen and then choose n>j such that l/2 w <c/4. We have |0 n+r (*)-F n + r (x) | <l/(2 w+r ) except on a set of measure less than l/(2 n+r ), (V=l, 2,
and hence with the possible exception of a subset of measure less than ^2?=il/(2 n+r ) <c/2, we have |0»+ r (*)-ƒ(*) | <l/(2 n+r ), 0= 1, 2, • • -),onD. Hence lim^c/^x) =f(x) on a subset of D of measure c/2 which contradicts the assumption that this limit does not hold at any point of D. This completes the proof of the necessity.
Sufficiency. Let [0n(*O]
De a sequence of simple functions which approaches ƒ(x) on X 0 and let Mi and ikf 2 , Afi<ikf 2 , be any two constants. Let E be the subset of X on which 
Let M be the larger of the two numbers M e for [Â W (#)] and kn(#)] by property B. Let J(n, e) and J'(n, e), respectively, be the sets of intervals on which \g n (x) \ >M and \h n (x)\>M. Hence
is a sequence of uniformly bounded simple functions that approaches zero on X 0 . By Theorems 1 and 2 we may choose an or all n > N index N, N>N U such that (4) We have Proof of sufficiency. This may be proved directly or we may obtain it as a consequence of a theorem due to de la Vallée Poussin.* We note that the absolute continuity of the integrals J(f>n{x)dx 1 {n -1, 2, • • • ), is uniform, f since for a given e >0 we may choose ô = e/[2ikf e / 2 ], and S is independent of n. It follows then from de la Vallée Poussin's theorem that f{x) is summable onX.
Proof of necessity.
Let f{x) be summable on X and let X be subdivided into n equal parts by the points X\y X2y . Let e>0 be assigned and let ô>0 be chosen so that f(e)g{t)dt<e, when e is a measurable subset of X such that w(e)^S. The existence of S follows from the absolute continuity of jtg{i)dt. Let gj{x) =g{x) when \g{x) \^j, gj{x)=j when g{x)>j. The integral J b a gj{x)dx is an increasing function of j and has J\g{x)dx as its limit as j becomes infinite. Choose / so that for all ĵ / , J h a g{x)dx -fagi{%)dx<e. Let k denote the subset of X on which g{x) >J and let ki denote the subset of k that lies on 7 t -. We have hk)g{x)dx =J2l^of(k i )g{x)dx < e. Now * Transactions of this Society, vol. 16 (1915) 
*»(*) = Uilt-ki)g(x)dx + f(ki)g(x)dx]/Ai
Let M € = J+e/8. In order that h n (x) be greater than M e on /» it is necessary that f ( k i )g(x)dx/A i be greater than e/8 and hence A»-be less than [V € ]/<fy)gO*0^#« From this it follows that the sum I'(n, e) of intervals on which h n (x)>M € is of measure
Since \<i> n (x)\Sh n (x), it follows that the set I(n, e) of intervals on which \4> n (x) \>M € is a subset of /'(^> € ) and that /j (n , €) |0 n (ff) \dx is less than e for all n. This proves that [0 n (#)] has property B. PROOF. This theorem follows immediately from Theorem 5 and a theorem of de la Vallée Poussin.* A theorem of de la Vallée Poussinf enables us to state Theorem 6 in the following form.
THEOREM 8. A necessary and sufficient condition that a function f{x) be summable on X: a^x^b, is that there exist a sequence [<t>n{x) ] of simple functions that approaches f (x) on X 0 and is such that the absolute continuity of the indefinite integrals of these simple f unctions is uniform.
We may now state and prove the following theorems which apply when the integrals are taken in senses that are more general than that of Lebesgue. Let ƒ (x) be a function on X : a g x ^ b, and let any definition of the integral of f(x) be given which exists for f(x) and which has the further property that if J(a, b) denotes this integral and c, d, e are any three points of X, then
J(c, d), J(c, e), J(e, d) exist and J(c, d) =J(c, e) + J(e, d).
* Loc. cit., p. 446, Theorem 2. We note that the proof of Theorem V might be shortened by the use of de la Vallée Poussin's theorems. It seems desirable, however, to give this proof from the Riesz point of view in order that the theorem be available for use in a treatment of Lebesgue integration by the Riesz approach.
t Loc. cit., p. 450. 
<l>n(p)=J(pn, qn)/(qn-pn) = [J(pn, P)+AP, ün)]/(qn-pn)=J(pn, P)/iP~Pn) + [J(P, qn)/(ün-p)-J(pn, P) I\P'~P'») ] [(<Z« " P) I'((Z»" Pn)l
We note that \{g, n -p)/{q n -p n )\^\ while its coefl&cient has zero for its limit (since both terms approach
is F(p), we have lim n^o o 4>niP)-F{p). In case p is a point of subdivision,* we replace the indeterminate ratio in the above formula for <j> n (p) by the limit of this ratio (which is F(p) ). Finally, we note that, for each n, fa<l>n(x) It is a very simple matter to extend the results of the present paper to cases where the interval of definition X is replaced by any measurable point set E on X. The definition of f(x) is extended to points of X -E by letting ƒ (x) be zero at such points. The integral of f(x) on E is then described in terms of the integral of the extended function on X. One could define a simple function on a point set by saying that it is a function which takes on only a finite number of values on this set. This definition is not needed in the present adaptation. 1. Introduction. The purpose of this paper is to point out an error,J giving the corrected form of the incorrect theorem referred to below as Delsarte's theorem, also to prove a generalization. However, the contribution made to the geometry of function space may be interesting to some on its own account.
We shall consider only functions of one or two variables defined on the interval (a, b) or the corresponding square. All such functions are to be bounded and integrable on the range of definition. We shall denote the continuous arguments on (a, b) by the letters x, s, t, u, written as subscripts or superscripts and shall imply integration on (a, b) with respect to any argument that occurs twice in the same term.
